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Shape of Alexandrov spaces 
with positive Ricci curvature 


Zisheng Hu Le Yin 


Abstract: Under the definition of Ricci curvature bounded below for Alexan¬ 
drov spaces introduced by Zhang-Zhu, we extend a result by Colding that an 
n—dimensional manifold with Ricci curvature greater or equal to n — 1 and vol¬ 
ume close to that of the unit n—sphere is close (in the Gromov-Hausdorff distance) 
to the sphere, from the case of Riemannian manifolds to the case of Alexandrov 
spaces, with an additional assumption, roughly speaking, that the rough volume 
of the set of ’’short” cut points is small, following the basic idea in the Rieman¬ 
nian case with necessary modifications because of the only almost everywhere 
second differentiability of distance functions. 


1 Introduction 

Let uj n be the volume of the round n— sphere S n with sectional curvature one, in [C], 
Colding shows the following 

Theorem 1.1 [C] Given an integer n > 2 and an e > 0, there exists a S(n, e) > 0 such that 
if M n is an n— dimentional manifold with Ric(M) > n — 1 and Vol(M) > u n — 5, then the 
Gromov-Hausdorff distance between M and S n is at most e. 

As the concepts of curvature in Riemannian geometry have been generalized to singular 
spaces, it would be interesting to extend the above result to the case of singular spaces. 

Below we briefly recall the generalizations of lower bound of sectional curvature and 
Ricci curvature in Riemannian geometry. As for sectional curvature, the generalization is 
Alexandrov spaces with curvature bounded below, see the seminal paper [BGP] and the 
10th chapter in the text book [BBI]; As for Ricci curvature, there are several notions to 
generalize lower Ricci curvature bound to metric measure spaces, such as Lott-Sturm-Villani’s 
curvature-dimension condition CD(k,n ) [LV, SI, S2], Ohta-Sturm’s MCP condition[0, S2] 
and Ambrosio-Gigli-Savare’s Riemannian curvature dimension condition RCD(k,n ) [AGS, 
EKS], 

In this paper, we are concerned with lower Ricci curvature bound for Alexandrov spaces 
as a particular case of metric measure spaces. In [KS1, KS2], Kuwae-Shioya introduced 
an infinitesimal Bishop-Gromov condition BG(k) for Alexandrov spaces, and established a 
topological version of Cheeger-Gromoll splitting theorem on Alexandrov spaces under BG(k)\ 
In [ZZ1], Zhang-Zhu introduced a definition of Ricci curvature bounded below for Alexandrov 
spaces based on Petrunin’s second variation of arc length [Petl], they showed that the new 
definition implies the curvature-dimension condition and there hold Cheeger-Gromoll splitting 
theorem (see also [G] on general metric measure spaces) and maximal diameter theorem on 
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Alexandrov spaces under this Ricci condition. Furthermore, they established a Bochner type 
formula on Alexandrov spaces and many important results under this Ricci condition, see 
[ZZ2, ZZ3, QZZ, ZZ4], 

See [ZZ2] for a detailed discussion of the relations among various generalizations of Ricci 
curvature on Alexandrov spaces. 

To state the main result, denote 

M — an n —dimensional Alexandrov space with curvature bounded below by some ko(< 0) 
and without boundary; 

C p Q — the set of points x € M such that minimal geodesic px can not be extended 

beyond x and \px\ < n — 9, for any p € M, # —>■ 0 + ; 

Px (a) — the largest possible number of points X{ € X that are at least a pairwise distant 
from each other, for any metric space X and a > 0; 

Vr f i(X) := limsup a _ s . 0 + a d Px(a) — the rough d— dimensional volume of a bounded set X 
in a metric space, for any d > 0. 

Under the definition of Ricci curvature bounded below for Alexandrov spaces introduced 
by Zhang-Zhu, we extend Theorem 1.1 to the case of Alexandrov spaces with an additional 
assumption. 


Theorem 1.2 Given an e > 0, an integer n > 2, a non-increasing natural number val¬ 
ued function Af(*), and a positive function 4>o depending on * and parameters *,n 
with lim*_ ) . 0 + 4>o(*; *, n) = 0, there exists a 6 = 5(e,n,Af,&o) > 0 such that if M is an 
n— dimensional Alexandrov space with Ric(M) > n — 1 and Vol(M) > co n — S, and in addi¬ 
tion, 


(A) 


Pc * (a) < 


M{9) $ 0 [ca n -Vol{M)-e,n] 


in—2 


+ 


~,n— 1 


for any p € M, 9, a —>• 0 + , 


then the Gromov-Hausdorff distance between M and S' 1 is at most e. 


About the additional assumption (A) Roughly speaking, the assumption (A) says that 
the n — 1 dimensional rough volume of the set of ’’short” cut points is small; it is proposed to 
obtain Lemma 5.1 and make the proof of Lemma 5.5 go through; while the assumption (A) 
seems reasonable by Lemma 4.3(h) which says that the n — 1 dimensional Hausdorff volume 
of the set of directions of ’’short” cut points is small, we do not know whether Lemma 5.1 
and 5.5 could be deduced directly from Lemma 4.3(h). 


About the proof The proof follows the basic idea in the Riemannian case with necessary 
modifications because of the only almost everywhere second differentiability of distance func¬ 
tions. More precisely, for the case of Riemannian manifolds, two key lemmas among others 
in the proof of Theorem 1.1 are an L 2 —version of Toponogov triangle comparison theorem 
for positive Ricci curvature (see Lemma 1.4 and 1.15 of [C]) which is deduced from Bochner’s 
formula and a smooth approximation, and a ’’predictability” lemma (see Lemma 2.10 of [C]) 
based on the L 2 —version of Toponogov triangle comparison; for the case of Alexandrov spaces, 
because of the lack of smoothness, to obtain some kind of L 2 —version of Toponogov triangle 
comparison for positive Ricci curvature, we show an inequality of Riccati type for distance 
function and its solution along geodesics from some fixed point p, and integrate this Riccati 
inequality outside the cut locus of p, and thus obtain an L 2 —version of Toponogov triangle 
comparison outside the cut locus ofp, then, to obtain a similar ’’predictability” lemma based 
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on this Toponogov triangle comparison, we have to bypass the cut locus of p and thus the 
additional assumption (A) is proposed; after having extended the two key lemmas from the 
case of Riemannian manifolds to the case of Alexandrov spaces, the rest of the proof is the 
same as in the Riemannian case. 

Acknowledgements We would like to thank Professors Xi-Ping Zhu and Hui-Chun Zhang 
for their help and comments. 

2 Preliminaries 

In this section, we recall basic concepts and some facts about Alexandrov spaces (see 
[BBI, BGP, PP, Pet2] for details), and the Hessian and Laplacian for the distance function 
and the lower Ricci curvature bound for Alexandrov spaces introduced by Zhang-Zhu [ZZ1, 
ZZ2], 

A complete metric space (X, | - -1) is called to be a geodesic space if for any two points 
p,q £ X, the distance \pq\ is realized as the length of a rectifiable curve connecting p and q. 
Such distance-realizing curves, parameterized by arc-length, are called (minimal) geodesics. 

Roughly speaking, given k £ R, a geodesic space X is called to be an Alexandrov space 
with curvature bounded from below by k locally (for short, we say X to be an Alexandrov 
space), if all sufficiently small triangles in X are not thinner than the corresponding k —plane 
triangles. See [BBI, BGP, PP] for several equivalent definitions of Alexandrov spaces, here 
we recall the one from [PP]: 

Let 4> be a continuous function on (a, b), t £ (a, b). <f>"{t) < B means <f(t + r) < <f(t) + 
At + Bt 2 /2 + o(t 2 ) for some A £ R. If v is another continuous function on (a, 6 ), then <f" < v 
means <f"{t) < v(t) for all t £ ( a,b ). Similarly, one can define f"{t) > B and f" > v, 

X is called an Alexandrov space with curvature bounded from below by k (k £ R) if for 
any geodesic a : [0, l\ —> X and x not belonging to cr[0, Z], f := pk o dist x o a satisfies the 
differential inequality 

<j>" < 1 — k(f>, 

where 

{ 1 /A :[1 — cos(gVk)], if k > 0 , 

x 2 /2, if k = 0, 

1 /A [1 — cosh(^\/ — A)]j if k< 0 . 

Below denote 

M — be an n —dimensional Alexandrov space with curvature bounded below by ko(ko < 0) 
and without boundary, 

— the direction at x of a minimal geodesic from x to y, 

-fty — the set of directions at x of minimal geodesics from x to y, 

Ti x — the space of directions at a point x € M, 

T x — the tangent cone at x, 

cr^(s) := exp r (s£)(s >0) — some (quasi-)geodesic from x in a direction £ £ 

Fixing a point p £ M , let 

7 : [0, l] —>• M be a geodesic with 7 ( 0 ) = p and 0 < l < n, 
f := distp = \p ■ \, f := cos /, 
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and d x f be the differential of / at a point x £ M \ {p}. By [BBI,4.5.7; BGP,11.4; OS,3.5], 
the first variation formula for distance function still holds, that is, for any £ £ E x , 

d x fiO = - cos | Cl- 


The lower and upper Hessian of / at x are defined respectively by 


Hess x f(£) := liminf 

s —>0 


/(e x Px«)) - / ( ex P.r(0)) - 4/(0 • 8 
s' 2 /'2 


for any £ € £ x , 


Hess x f{tf) := limsup 

s—>-0 


/(expsCsg)) - /(ex Pa .( 0 )) - 4/(6 • s 

s 2/ 2 


for any £ £ £*, 


and Hess x f, Hess £ x f are defined by replacing lirn inf^o, lim sup s ^ 0 with liiri inf e . ( _>o, 
limsup e ^o, respectively, for a sequence e := {ej}?T 1 with Sj —/■ 0 . 

By the lower Alexandrov curvature bound kp{kp < 0) of M, 


HesSr f ( 6 ) < Hess x f(f) < 


yj—kp cosh(V— ko\px\) 
sinh( v / — k 0 \px\) 


Furthermore, by the triangle inequality, 


Lemma 2.1 [ZZ1, (3.1, 3.2)] (i) For any other geodesic a : [hjh] —> M with cr[Zi, Z 2 ] 0 

7 [ 0 , l\ 3 cr(.s 0 ) = 7 (to) for some So £ [Zi, I 2 ] and to £ ( 0 , l), 

V~kp cosh[V-fc 0 (Z - t 0 )] ^ ( fnrr yi( Qn \ < V~ fe o cosh( V-fc 0 t 0 ) _ 
sinh[V— ko{l — to)] — ° — sinh(v / — kpt.p) 

(ii) for any t £ (0, l ) and f 


yj— kp cosh[V— ko{l — t)] 
sinh[i/— kp(l — t)] 


< Hess l(t) f{j) < Hess l( t)f(0 < 


V~kp cosh(\/— kpt) 

sinh(\/— kpt) 


Remark 1 Lemma 2.1 (i) and (ii) are the same essentially, we write down different formu¬ 
lations for convenience. 

By [BGP, 10.6], for almost all x £ M, the tangent cone T x is isometric to Euclidean 
n—space R n . And according to [Per3], given a semiconcave function if : M -3 R, for almost 
all x £ Af, there is a bilinear form Hess x if on T x such that 

if(y) = if(x) + d x if{f y x ) ■ \xy\ + ^Hess x if{f y x , f y x ) ■ \xy\ 2 + o(\xy\ 2 ) 

for any |^£ £ x , moreover, Hess x if can be calculated using standard formulas, hereafter, such 
an x is called a regular point of if. 

Remark 2 If y(t)(0 < t < l) is a regular point of / and /, since Hess^f and Hess^/nf 
can be calculated using standard formulas, 7 '(t) £ £ 7 ( t ) is a eigenvector of Hess^^f with 
the eigenvalue 0 , and correspondingly, 7 '(t) £ E 7 ( t ) is a eigenvector of Hess^f with the 
eigenvalue — cos t. 
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According to [BGP, Section 7], the tangent cone T 7 ( t ) at an interior point 7(f) (0 < t < l) 
of 7 can be split into a direct metric product, denote 

£ 7 (t) = {n e = tt/2}, 

A 7(i) = { ? ? G E 7(t)K(^7 + (*)) = = V 2 }- 

The lower and upper Laplacian of /, lower and upper semi-Laplacian of / at 7(f) (0 < 
t < l) are defined respectively by 


A 7(t) / := (n “ 1) ' f A Hess -y(t)f(V ), 

❖ 7(t) / := (n - 1) • <f Hess l {t )f(y ), 

and A 7 ( t )/> A 7h)/ are defined by replacing Hess ^f, Hess^f with Hess ^f, Hess l(t) f, 
respectively, for a sequence e := with £j —>• 0. 

If 7(t)(0 < t < l) is a regular point of / and /, the Laplacian of /, semi-Laplacian and 
Laplacian of / at 7(f) (0 < t < l) are defined respectively by 

A 7(t)/ := (n - 1) • f Hess^ t) f(r]), 

Ja iW 

0 7 (t)/ := (n - 1) • <f Hess l{t) f{r )), A 7 ( t )/ : = n ' / Hess^ t )f(Q. 

where £• := ^ £•. 

Lemma 2.2 (i) For any other geodesic a : [Zi, Z2] —>■ M with cr[Zi, Z2] LI 7(0, /] 9 <r(so) = 7(h)) 
/or some sq G [Zi,Z2] and to G ( 0 ,/), 

V-fcp cosh(V-fc 0 fo) . - „ V-fcocosh[V^A^(/- t 0 )] 

sinh( v / —fcoto) ~~ ° ~ sinh[V— ko(l — to)] 

(%%) For any t G ( 0 , Z) and i] G A 7 pp 

Eess^jirf) = -sint • Hess^ t) f(rj), Hess^Jir}) = - sin t • Hess ^yf (7?), 

<> 7 ( t) / = - sin t • A 7(t) /, <> 7 ( t) / = - sin t ■ f. 

Proof. For simplification, let Lemma 2.1 (i) reads that ci < (/ o a) w (so) < C2 with —00 < 
ci < 0 < C2 < +00, that is, there exist 01,02 G -R such that 

ai(s - s 0 ) + |ci(s - s 0 ) 2 + o((s - s 0 ) 2 ) < (/ o cr)(s) - (/ o cr)(s 0 ) 

< a2(s - s 0 ) + |c 2 (s - s 0 ) 2 + o((s - s 0 ) 2 ), 

by the first variation formula for the distance function, d a ( so \ f (cr^ (s 0)) exist, thus 

a i > -d a ( so )f{cr~(s 0 )) > o 2 > d (T ( so )/(o- + (so)) > ai, 


A 7 (t) f := (n - 1) • f Hess y{t) f(r]), 


-y(f) 


0 7 (t)/ := (n - 1) • <f> Hess^firj), 
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and / o cr is differentiable at s 0 , (/ o cr)'(s 0 ) = -d (7 ( SQ )f(a~(so)) = d^ SQ )f(o + (s 0 )), and 
cos(/ o cr)(s) = cos(/ o cr)(s 0 ) - sin(/ o cr)(s 0 ) • [(/ o a)(s) - (/ o a)(s 0 )] 

+ |[- cos(/ o cr)(s 0 )] • [(/ o cr)'(so)] 2 • (s - s 0 ) 2 + o((s - s 0 ) 2 ), 
note that 0 < (/ o <r)(so) < 7r and |(/ o <r) / (so)| < 1, then, 

- sin(/ o cr)(s 0 ) • (/ o cr)'(so) • (s - s 0 ) + ^(-c 2 - 1 ) ■ (s - s 0 ) 2 + o((s - s 0 ) 2 ) 

< cos(/ o a) (s) - cos(/ o a) (s 0 ) 

< - sin (/ o cr)(s 0 ) • (/ O cr)'(so) • (s - s 0 ) + |(-ci + 1) • (s - s 0 ) 2 + o((s - s 0 ) 2 ), 

that is, —c 2 — 1 < (/ o cr)"(so) < —ci + 1, (i) is obtained. 

Note that by the first variation formula, d 7 (t)/(f?) = 0 for any t G (0,/) and ij G A 7 / t \, 
then, by Lemma 2.1 (ii), the proof of (ii) is similar to and easier than that of (i). 

In [Petl], Petrunin proved the following second variation formula of arc-length, based on 
which, Zhang-Zhu [ZZ1] introduced a new definition of Ricci curvature bounded below for 
Alexandrov spaces. 

Proposition 2.3 [Petl] Given a geodesic 7 C M. any two points q\,q 2 G 7 ,which are not 
end points, and any positive number sequence {ij}JL l with ij —>• 0, there exists a subsequence 
{£j} C {ij} and an isometry T : L qi —>• L q2 such that 

\uv P 

I ex Pm ( £ j u ) ,exp„ (sjTv)\ < \qiq 2 \ + 777-r • e 2 

I <7i ^ 2 1 

-g- • (M + M + < u, V >) • Ej + o(£j) 

for any u, v G L qi . 

Note also that for a 2—dimensional Alexandrov space, Cao-Dai-Mei [CDM] improved the 
second variation formula such that the above inequality holds for all {£j}Ji l with £j —>• 0. 

Definition 2.4 [ZZ2, Definition 2.5] (Condition ( RC )) Let a : [— s, s] —> M be a 

geodesic and {(? a (i)}-s<t<s be a family of functions on A. a u\ such that g a ^ is continuous on 
A Q (t) f or each t G (—s, s). The family {g a (t)}-s<t<s Is said to satisfy Condition (RC) on a if 
for any two points q\,q 2 € a and any sequence {ij}fi l with ij —>• 0, there exists an isometry 
T : L qi —>• L q2 and a subsequence {£j} C {ij} such that 

O _ j^\2 

\exp (£jlrii),exp (£jl 2 Trj)\ < \qiq 2 \ + ^• e 2 

Z \QlQ2\ 

_ 3 q M-\ q l q 2\ . [(Zi) 2 + h . l 2 + (Z 2 )2] . e 2 + o(e 2 } 


/or any Zi, l 2 > 0 and any rj G A gi . 
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Definition 2.5 [ZZ2, Definition 2.6] Let 7 : [0, /] —>• M be a geodesic, M is said to have 
Ricci curvature bounded below by K along 7, if for any e > 0 and any 0 < to < l, there exists 
r = r(to,e) > 0 and a family of continuous functions {<? 7 (t)}i 0 -T<t<t 0 +T on A 7 o) such that 
the family satisfies Condition (RC ) on ^\(t 0 ~ T ,t 0 + T ) an d 

(n — 1) • (f g 7 ( t ) (7) > K - e, Mt G (t 0 - r, t 0 + r); 

7 A 7(t) 

M is said to have Ricci curvature bounded below by K, denoted by Ric(M) > K, if each point 
x € M has a neighborhood U x such that M has Ricci curvature bounded below by K along 
every geodesic 7 in U x . 

Lemma 2.6 [ZZ1, Section 5, Para. 3] For an n-dimensional Alexandrov space M with 
Ric(M) > n — 1 and without boundary, the curvature-dimension condition CD(n,n — 1) 
holds and diam(M) < 1 r. 

The following lemma is a discrete version of the propagation equation of the Hessian of 
/ along the geodesic. 

Lemma 2.7 (see also [ZZ1, Lemma 3.2]) Let 7 : [0,/] —>• M be a geodesic with 7(0) = 
p, 0 < to — t < t\ < to < t 2 < to + t < l with that f is regular at 7 (t±) and ”f(t 2 ), 
and {<7 7 (t)}t 0 -T<t<t 0 +T be a family of continuous functions on A ^n) which satisfies Condition 
(RC) on 7I (t 0 - T ,to+T)> then for any sequence {£j }^2. 1 with Ej —>• 0, there exists isometries 
T\ : A 7(to) —>• A 7 / tl ) and T 2 : A 7 ^ 0 ) —>• A 7 ( t2 ), and a subsequence e := {gy} C {§)}, such that 


(i) Hess^ tl )f(Ti-q) > l ■ Hess^ to) f(rj) - 


(l-if l 2 + 1 + 1 


to ~ t\ 


+ 


(to tf ■ Q~f(t 0 ) ( 7 )) 


and (ii) Hess l(t2 ) f(T 2 g) < Z 2 • Hess £ l {to) f(rj) + ^ 


l 2 + l + 1 


(*2 -*o) -g+t 0 )(v) 


for any r / € ^y(t 0 ) an d an U l > 0. 

Proof. The proof is a modification of that of [ZZ1, Lemma 3.2], 

By the definition of Condition (RC), for the points 7^0)5 7(H) and the sequence 
there exists an isometry T\ : A 7 ( to ) —>• A 7 ( tl ) and a subsequence e 1 := {sj} C {Ej}, such that 
the associated inequality holds; Once again, for the points 7(io)i 7(^2) and the sequence e 1 := 
there exists an isometry T 2 : A 7 ( to ) —>• A 7 ( t2 ) and a subsequence e := {gy} C {ej}, 
such that the associated inequality holds. 

For any r\ £ A 7 (t 0 ), d 7 y 0 )/(r/) = 0, choose a subsequence {e' }^ =1 C such that 

,. /( ex P 7( t o) ( e j' ? ?)) — f(l(to)) 

^0 (e' 3 Y /2 


Hess +t 0 )f(v) 



then for any l > 0, let £j := -f, since / is regular at 7(ti), 

/(exp 7( t o) (Z£j7/)) - /(exp 7(tl} (£jTirj)) 

= [/('T(^o)) + • Hess £ l{to) f(rj) + o((fj) 2 )] 

— [/( 7 (^ 1 )) + %r- • Hess^fiTirj) + o((f i ) 2 )] 

= *o - *i + ^r- • [/ 2 • Hess £ ^ to) f(ri) - Hess^ {tl) f(Tig)] + o((£j) 2 ), 
on the other hand, by the inequality associated with Condition ( RC ), 

/( ex P 7 h 0 )(^») - /( ex P 7 (ti)(^ T i ? 7)) ^ l ex P 7 (to)(^' ? 7)> ex P 7 (ii)(^' T i r ?)l 
= t 0 - t\ + 2 (tQ-q) ’ (X?) 2 “ ^r(tQ)CH 0 -1) . (/ 2 + l + 1) . (fj) 2 + o((£j) 2 ), 

combining the above estimates and letting £j —>• 0 + , (i) is obtained. 

Similarly, for any 7 € A 7 (t 0 ), choose a subsequence {e''}?2 =1 C such that 


= Jm 


e'J—tO 


/( ex P 7 (t 0 )( £ j 7 ?)) - /(7(*o)) 

(4) 2 /2 


then for any l > 0, let £j := since / is regular at 7 (^ 2 ), 
/( ex P 7 (t 2 )(^ r 2»7)) - /(exp 7(to) (/£j??)) 


= [/( 7 (* 2 )) + • Hess l{ t 2 ) f{T 2 ri) + o((e j ) 2 )] 

[/( 7 (^ 0 )) + • Hess £ l{to) f(ii ) + o((e j ) 2 )] 

= *2 - <o + ^r- ' [fl‘eas 7 (t 3 ) /(r 2 ?/) - l 2 Hess ^ {t0 )/(??)] + o((ij) 2 ), 
on the other hand, by the inequality associated with Condition (RC), 

/( ex P 7 (t 2 )(^ T 2 r ?)) “ /( ex P 7 (t 0 )(^' ? ?)) ^ l ex P 7 (t 2 )(^ T 2 ? 7)> ex P 7 (to)(% ? ?)l 

= *2 - *o + 2 (t 2 lt 0 ) ’ (A) 2 ~ Sj(t o )()) g ( 2 —- • (i 2 + l + 1) • (e 7 ) 2 + o((£j) 2 ), 
combining the above estimates and letting £j —>• 0 + , (ii) is obtained. 


3 An inequality of Riccati type 

Convention In this section, let 7 : [0, l\ — >• M be a geodesic with 7 ( 0 ) = p and 0 < l < 7 r 
such that / is regular almost everywhere on 7 , and 

/ := (0, Z), D := {t € I|/ is regular at 7 (f)}, 


and M has Ricci curvature bounded below by n — 1. 
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Lemma 3.1 (see also [Pet3, Prop.2.2; ZZ1, Prop.A.4]) (i) A 7 (t)/ is decreasing for 
t G D, that is, for any t\,t -2 G D with t\ < t 2 , 

A 7 (t 1 )/ > A 7 (t 2 )/; 


(ii) for any to G D, 

limsup D9i ^ 0 A ^ {t)f t _f o J{to)f < —(n - 1) - (n - 1) • §^ {tQ) {Hess l{to) f{r,)) 2 


Proof. First to show that, for any e > 0, any sequence with ei,- —>• 0 + , and any to € /, 

there exists r := r(to, e) > 0 such that the following holds: for any t\ G (to — r, to) (~l D and 
t 2 € (to, to + r)flt), there exists a subsequence e := {e^-} C {e}} such that 


(<•) < -(»- 1 ) - «-?r4„ 0) ) • + 


and ( b ) 


z , 1N K (tn) /) 2 , 

< -(n- 1 )-^— + e, 


A 7(*2)f A 7 ( t n) / 


t2~to 


< ~(n - 1) - u -HA y(t0) ) • /a ^jHes^(t 0 )f(v)) +■ 


(A® f ) 2 


< — (n — 1 ) — +e, 

then (i), (ii) are deduced from (a) and (b). 


Proof of (a) and (b): by the definition of Ricci curvature bounded below by n — 1, for 
any e > 0 and any to G I, there exists f = f (to, e) > 0 and a family of continuous functions 
{9Mt)}to-f<t<t 0 -\-f o n A 7 ( t ) such that the family satisfies Condition (RC) on 7 |(t 0 _f,t 0 +f) and 

(n — 1) • <j) 5 7 (t)(r7) > (n- 1) - Vt G (t 0 - f,t 0 + f). 

“' A 7(0 

By Lemma 2.7, for any sequence {e'j}^S =1 with ej- —>• 0 + , any t\ G (to — f,to) H D and 
t 2 G (to,to + f) fl D, there exists isometries T) : A ^ to ) —>• A 7 ( tl ) and T 2 : ^(t 0 ) A 7 (t 2 ), and 
a subsequence e := {£y} C {Ay }, such that Lemma 2.7 (i) and (ii) hold. 

To prove (a), consider 

F(l) := l 2 ■ Hess £ l{to) f(r,) - + l - t ^ 1 • (t 0 - 1 1 ) • 5 7 (t 0 )l 7 ?) 

= [Seii 7(to) /(??) + ^ - 3 (ti - t 0 ) • 0 7 (to)(f/)] • l 2 

+ ^(ti ~ to) • <? 7 (t 0 )( ? 7)H 
+ [q^-3(A-to)-5 7 (t 0 )( ? ?)] 

= : A • l 2 + B ■ l + C, 
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by Lemma 2.1, Hess^u^ffrf is bounded uniformly with respect to g, so A < 0, B > 0, —^ > 
0, as t\ —> tg • Thus 

F(l) = A(l + ^-) 2 + C- B2 


taking l 0 = -A, 


F(l 0 ) = C- 


2A' * ~ 4A’ 
B 2 


4A' 


Denote t :=t\ — to,G := g 1 ^ to )( r fiF := Hess 1 ^f(rf, straightforward calculation shows 


f(i 0 )-h =o-\ tg) - - h 


"3 G T + -l+//-r—|G-r 2 


1^, , tin , zj2\ „ , (Gff+F 3 )-r-(iG 2 + iGF 2 ).r 2 


= -iG-T-(|G + ^)-r + 


l+iiT-i&T 2 


= : —(G + H 2 ) • r + q(t ; t 0 , r?) • r, 

where lim r _ ) . 0 + g(T]to,g) = 0 uniformly with respect to g, since G,H are bounded uniformly 
with respect to g. 

By Lemma 2.7 (i), and noting t := t\ — to < 0, 

h -to — r 


= ~(G + H 2 ) + q(t\ to, rf 

= -g^to)^) - ( H ess £ l{t 0 )f(ri )) 2 + q(t] t 0 ,if, 

integrating over A 7 ( 4o ) on both sides of the above inequality, and noting the isometry Tf : 
A 7 (t 0 ) -t A 7(tl ), 

A 7(fi)7~ A 7(tp)/ _ ra-1 r n . Gn) 

ti-to - H n ~ 2 { A 7( t o) ) J A 7( t 0 ) 

— «-?(a!< 0) ) - (t^w/w) 2 

By Holder inequality, 

*"-"(X(« o) ) ' /a 7 ( 

> ^~-"(^( t0) ) • ^-HA 7(t0) ) • H^s l{to] f(g)) 2 

= • [ ^-"(Xuo)) • ^ ( t 0 ) ^7(*o)/(^)] 2 

C^(.Q )/) 2 
n—1 
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Denote £>(r;t 0 ) := n n -\A l{tQ )) ' (t 0 ) 9( T 'i t o,v), then lim r->-o+ o) = 0. In particular, 

for the given e, there exists 0 < f := r(to,e) < r such that |£>(r;to)| < § for any t\ € 
(to - t , t 0 ) n D. 

Combining the above estimates, (a) is obtained. 

To prove (b), similarly, consider 

F(t) := l 2 ■ Hess^ {to) f(ri) + ■ (h ~ to) ■ g l{to) (r/) 

= \Hes£ i{to) f(rj) + ^ - |(t 2 - to) ■ 0 7 (to)fa)] ' l 2 
-[« + 3(*2-*o)-5 7 (to)(»7)] ' l 
+it^ ~ W’2 - f o) ■ 9^t 0 )(v)\ 

=: A ■ l 2 + B ■ l + C, 

compared with the proof of (a), now the difference is A > 0, B < 0 as t 2 —* t^, and r := 
t 2 ~ to > 0. By Lemma 2.7 (ii), still 

Hess l{t2) f{T 2 r ]) - Hess e l[to) f{g) F(l 0 ) - 77 

*2 - to ~ r 

the remains are the same as that of (a). 

Proof of (i): by (a) and (b), for any sequence {e'j}?T 1 with Sj —>• 0 + , and any to € /, 
there exists r := r(to) such that the following holds: for any ti € (to — r, to) H D and 
t 2 € (to,to + r)nD, there exists a subsequence £ := {sj} C {e)-} such that 

^T(b)/ > ^"/(t 0 )f — —-y(t 0 )f > ^7(*2)/> 

then (i) follows from the compactness argument and the denseness of D C /. 

Proof of (ii): just take to G T and let ti —1 tg , t 2 t(J~ in (a) and (b). 

Lemma 3.2 (see also [ZZ1, Theorem 3.3]) For any t € D, 

(n — 1) • cot(7r — l + t) = — (n — 1) • cot(t — t) < A 7 (q/ < (n — 1) • cott. 


Sketch of the proof (the details are contained in the appendix). 
Denote 'to(t) := , then Lemma 3.1 reads that 

(i) 'to(t) is decreasing in t G D, that is, for any ti,t 2 € D with ti < t 2 , 

w(t i) > w(t 2 ), 


and (ii) for any to £ P, 


w(t) 

lim sup 

DBt-^to 


w(t 0 ) 


< -1 - (w(t 0 )) 2 - 


t - to 
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In addition, since / is regular on D , by Lemma 2.1, 


w(t) < 


y/—ko cosh(\/— hot) 1 

-- rsj — 

sinh(\/— hot) t ’ 


D 3 t-> 0 H 


Thus, by successive approximations, for any t € D, 


w(t) < cot t. 


A 7 (t)/ < (n- 1 ) • cotf. 


Finally, by the triangle inequality, for any t £ D, 


A 7(t )/ > -(n - 1 ) • cot(/ - t). 


Lemma 3.3 Let n > 2, 0 < 9 <C 1, then there exists a positive function ip(9) with 
lini 0 _ > .o+ = 0 such that 


0 < fg {1 ° ] [{n - 1 ) • § A ^ t) (ihess 7 (t) /(r/)) 2 dr/ - {<> ^P ]dt 


$(6»;n), 


for 7r — <p(0) < l < 7 r, 
/or 9 < l < ir — ip(9). 


where lim 0 _> 0 + <h(#;ro) = 0 , lim e _ >0 + T( 0 ;n) = +oo. 


Proof. Multiplying both sides of the inequality in Lemma 3.1 (ii) by sin 2 t and integrating 
with respect to t E [9,1(1 — $)], and by Lemma 2.2, 

0 < f^ 9) [(n - 1) • § K ^ t) (Hess l{t) j(ri)) 2 dr] - ]dt 

< fl { 1 ~ e \-(n-sin 2 tdt 

~ /i (1_0) lim sup D3t r^. t + . sin 2 1 dt 


=:I 2 (9,l)-h(9,l). 


Now to estimate Ii(9,l), take 9o,l(l — 9\) € D with 0o,9i -3 9 + . 

In case of /(I — 9) > for any N = 1,2,..., take a partition of \6q, 1(1 — #i)]: 9o = to < 
h < ... < ti < t i+ 1 < ... < tAT 0 _i < t No < f < tjVo+i < <t N = l( 1 - 0i) with {ti}£ 0 C D 
and limjv^oo[ m axo<j<Ar-_i(tj + i — tj)] = 0. By Lemma 3.1 (i), A 7 (t)/ is decreasing in t € D, 
thus, one can show that for any i = 0,1,.., N — 1, 



lim sup 


A 7 (t')/ - A 7(t) / 


dt > A 7 ( t . +1 )/ A 7 (t i )/, 


t' -t 
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furthermore, by the uniformly continuity of sint and Lemma 3.2, 

rl(l-0i) i- A y ( t /)f—A 7 ( t )f . 2 , i, 

Jo 0 ilm SU P £>9i'-s>t+ - tf—t - Sln 1 at 

> limsupjv^^ Eilo^^Ch+i)/ “ A 7 (U)f)' sin2 h 

= limsup{E^Lo 1 [sin 2 t i+ 1 • A 7(t . +l) / - sin 2 L • A 7(ti) /] 

+ Eilo^s ™ 2 ** - sin 2 *i+i) ' A 7 ( ii+l) /} 

= lim sup jv-kx>{[ sin 2 (Z(1 - 0i)) • A t( , (1 _ 0i)) / - sin 2 0 O • A 7(0o) /] 

+ EiIo 1 [sin(2t i+ i) • (t* - t i+ 1) + o(ti - t i+ i)] • A 7(ti+l) /} 

= limsupjv-^.oo{[sin 2 (/(l - 0i)) • A- sin 2 9 0 • A 7 (e 0 )/] 

+ EiIV 1 [si n ( 2i i+i) ' - ^+i) + o(U - t i+ 1)] • A 7(ti+1 )/ 

+ ES[sin(2ti+i) • (ti - ti+i) + o(ti - L+i)] • A 7(ti+l) /} 

> limsup Ar ^. 0O {[sin 2 (^(l — 6\)) ■ (n — 1) cot(7r — 6\) — sin 2 9$ ■ (n — 1) cot $o] 

+ EiI°o -1 [si n ( 2 **+i) ' (U - U+ 1 ) + o(ti - t i+ 1 )] • (n - 1) cot t i+ 1 

+ E^ 0 [ sin (2^+i) ' (E - *i+i) + o(ti - L+i)] • (n - l)cot(7r - l + tj+i)} 

= [— sin 2 (Z(l — 6\)) ■ (n — 1) cot — sin 2 9q ■ (n — 1) cot 9q\ 

— f^ Q sin(2t) • (n — 1) cot t dt — /E 9l ' > sin(2t) ■ (n — 1) cot(7r — l + t) dt, 
letting (Jo, 0\ —> 9 + , 

h{0, l) = J g {1 ~ 9) limsup D3t ,_^+ . sin 2 1 dt 

> — (n — l)[sin 2 (7(l — 9)) ■ cot 9 + sin# • cos 9 

+ J g 2 sin(2f) • cot t dt + /E ^ sin(2f) • cot(7r — l + t) dt), 

=■■ h(o,i). 

Similarly, in case of /(I — #)<§, for any N = 1,2,..., take a partition of [9 0 ,l(l — flj)]: 
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#o = to < t\ < ... <ti < ti -|-i < ... < tjy = 1(1 — 9 1 ), then 
rl(l—0i) l* A 7 (t')/^ A 7(t)4 ■ 2 j. ij. 

j9o i im supo 3t /_ > (+ t ,_ t sm t at 

> limsupjv^go{[sin 2 ( /(1 - 0i)) • A 7(z(1 _ 0l)) / - sin 2 0 O • A 7(0o) /] 

+ E?=o 1 [sH 2t i+i) • (ti - t i+ 1 ) + o(ti - ti+ i)] • A 7(ti+l) /} 

> limsupjv-).oo{[ s i n2 (^(l — 0i)) • (n — 1) cot(7r — 0i) — sin 2 0o • (n — 1) cot 0o] 

+ EjIo 1 [ sin ( 2t *+i) • (U ~ U+ 1 ) + o(ti - t i+ 1 )] • (n - l)cott i+ i} 
= [— sin 2 (7(1 — ffi)) • (n — 1) cot 0i — sin 2 9q ■ (n — 1) cot 0o] 

— f^ 1 01 ^ sin(27) • (n — 1) cot t dt, 
letting 00) #i —l 0 + , 

-0(0)0 = limsup D9t ,^ t + . s in 2 t dt 

> — (n — l)[sin 2 (/(l — 9)) ■ cot 9 + sin 9 • cos 9 + J^ 1 ^ 2 cos 2 t dt ], 


=: Ji(9,l). 

Next to estimate 12(9,1). Note that generally, 1-2(9, l) < 0. 

In case of /(I — 9) > by Lemma 3.2, 

cot (it — l + t) > 0, for 0 < t < l — 

0, for l — § < t < §, 

| cot 11 > 0, for tL<t<l , 

WO = J? 1_0) [-(n - 1) - • sin 2 1 dt 

< — (n — 1) • [/J^ 1 ^ sin 2 t dt 

+ f 0 1 cot 2 ( 7 r — l + 0 • sin 2 t dt + 1 ^ cot 2 t ■ sin 2 f dt] 



= : WO- 

Finally to estimate 12 (9, l) — /1 (9, l ). 

To consider Ji(0,0 in case of Z( 1 — 0) > f, denote i7(0, Z) := /O 1 sin(2t)-cot(7T — Z+i) dt, 

Z 2 

since 

lim sin 2 (Z(l — 0)) • cot 9 = 0, lim H(9,n) = H(0,ir) 

l>n-e, 0->O+ 9^0+ 

and for any 0 > 0, 

lim H(9,l) = H(9,ir), 

l —^7r 
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there exists a positive function <pi(9) with lini^g-i- p\(9 ) = 0 such that for tt — p\(9) < l < n, 

lim | Ji(9, l) — [— (n — 1) [ sin(2f) • cotf dt\\ = lim | J\(9, l) — [— (n — l) 7 r]| = 0. 

0 ->o+ Jo 6 >-s>o+ 

Similarly, consider J2(9,l) in case of 1(1 — 9) > there exists a positive function p2(9 ) with 
lim e _ 5>0 + (p 2 (O') = 0 such that for tt — tp2(0) < l < tt, 

lim \J2(9,l) — [—(n — 1) [ (sin 2 t + cos 2 1) dt] \ = lim | h(9, l) — [— (n — l)7r]| = 0. 

0 -s>O+ Jo o+ 

Then, take <p(9) := mln{9, ip\(9), ip2(9)}, for tt — <p(9) < l < tt, 

0< lim [12(9,1) — Ii(9,l)] < lim [J 2 (9,l) — Ji(9,l)] = 0. 

0—>0+ 0—>0+ 

Besides, note that generally, 


0 < 12 (9, l) — Ii(9, l) < 0 — Ji(9, l) < (n — l)[cot 9 + 9 + tt + — • cot(—0)]. 


Thus, the proof is completed. 


Lemma 3.4 Let n > 2, 0 < 9 <C 1, then there exists a positive function p(9) with 
lim 6 i_ s> o+ <£>( 0 ) = 0 such that 

0 < fi {1 ~ e) [k y(t) (Hess l{t) f(0) 2 d^ - (£A l{ t)f) 2 ]dt 


T( 0 ;n), 

^(0;n), 


for n — ip(9) < l < TT, 
for 9 < l < tt — ip(9). 


where lim e _ 5>0 + <h( 0 ;n) = 0, lim^ 0 + \k( 0 ;n) = + 00 . 

Proof. For any t € (9,1(1 — 9)) n D , denote all the eigenvalues of Hess^iof by Ai = 
— cos t, Aj, 2 < i < n (see Remark 2 in section 2), then 

A 7 h)/= E Ai = -cos t+ Y 0 7 (t)/= E Xi ■ 

l<i<n 2<i<n 2<i<n 

By [HX, p.277], 

is 7(t) {Hess l{t) f(f)) 2 df 

n(n+ 2) ' EE<i<n ^ X i ^ XE<i<j<n A * A i] 

= n(n+2) ’ [(3cOS 2 t — 2 COS t ■ J^2 <i<n X i) + (E2<Kn 3A 2 + <i<j<n X i X j)]i 

i (Hess y{t) f(ri)) 2 dri = _ 1 • [ Y 3A ? + 2 E A * A ll- 

JA l (t) P* ± A' i “T i l 2 <i<n 2 <i<j<n 
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Thus, 

Je (1 ~ 9) [k^ t) ( Hess -y(t)f(0) 2d Z - (^ A 7 (t)f) 2 ]dt 
= Ie (i e) {^+ 2 ) ' [(3 cos 2 t — 2 cos t ■ 0 7 (t)/) + (n - l)(n + 1) /a 7(4) (tfess^/fa)) 2 ^] 

~[~n COst + nO~i{t)J} 2 }dt 
= •/e (1 " e) [T^r0 7 (i)/ + c °st] 2 ^ 

+ (w n(»+ 2 | 1) • fe l ~ 6) [k lW i Hess i(t)f{v)) 2 dv - (t^tO l{ t)f) 2 ]dt 
= : h(O,l) + I 2 (0-,l), 

Now to estimate I\(9,l). By Lemma 2.2 and 3.2, for any t £ (0,/), 

0 = — sin t ■ cot t + cos t < -<0^ (t)f + cos t < — sin t ■ cot( 7 r — l + t) + cos t, 

n — 1 w 

2(n — 1 ) /■*(!— 6) 

h(0,l) <—ft, -r • / [— sint • cot( 7 r — l + t) + cost] 2 dt =: J(9, l), 

n-(n + 2) Je 

Since lim^^- J(9,l ) = J(9,n) = 0 for any small 9 > 0, there exists a positive function <p(9) 


for 9 < it — l + t < | , 
for ^<n — l + t<ir — 19, 

j {oj) < r; , x 9 \ •^[2+cot(g 2 )] 2 . 

n z (n + 2 ) 

Thus, by Lemma 3.3, the proof is completed. 


with lim 0 _ ) . o + ip(9) = 0 such that for n — <p{9) < l < tt, 

lim J(9, l) = 0. 

6 >^ 0 + 

Besides, note that generally, as t € [9,1(1 — 0)], 

cos(7r — l + t) < 1, 


| sint • cot(7r — l + t) | < 


sint • | cot( 7 r — 19 )| < cot (9 2 ), 


4 An L 2 version of Toponogov triangle comparison 

Convention Hereafter, let Ric(M) > n — 1, Vol(M) > uj n — S. 

Notation Let p, x £ M, v £ Y, p , £ € £ x , T C £ x , 9,9 ^ 0 + , 0 < r\ < r 2 < tt, 0 + •£- r < l < 
n, R > 0, denote 

B X (R ) := {y € M \ \xy\ < R}, B X (R) := {y £ Af | |xy| < i?, and 3 some T}, 

A[ri,r 2 ] := {y € M \ n < |xy| < r 2 }, 4^[n,r 2 ] := {y £ Af | n < |xy| < r 2 ,3 some f y x e T}, 

similarly, Bi(R), Bf(R), A 1 [n,r 2 ], A\[r 1 ,r 2 ] are defined for the n —sphere S n with 
sectional curvature one, 


c(v) := sup{f > 0 | \pexp p (tv)\ = t}, 
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(note that c(tp) is the same for any choice of tp^lTpj thus c('f)'p) is well defined.) 

W p , e := {x £ M | \px\ < (1 - 0)c%)} \ B p (0), 


T P ,e := {^ e Sp | 0 < c(v) <tt- 9}, T r p ( - := {n £ Xp | c(v) > tt - 0}, 
C p § ■= {x £ M | \px\ = c(tp) <tt-9}, 

V P,e,e : = i x G M I IH > (! - 6 ')c(Kp) and fTpC 1^}, 

Vp t 0 ,§ ■= i x € M | |px| > (1 - d)c(fp) and 
c(0 := sup{t > 0 | |®exp x (t£)| = t}, 1 $ := min{Z,c(£)}, 


X x,p,6,r,l • {s € Yj x | !> v and a c r. lc J <£ 11 (>M 1 ■ 


hf(£, s ) := (/ o cr ? )(r) cos(s 


- r) + 


(f ocr a) (k) ~ (f ocr Q( r ) cos (k ~ r ) 


sin 


& - r ) 


sin(s — r), s € [r, ^]. 


is a positive function depending on *, * and parameters • with the 
property that given any e > 0 and parameters • there exists a $ := *(e,• ,*,...) and a 

★ := *(e, *, •, •,...) such that $(★; *; •, •,...) < e. 

•■•)> $(*5*1; * 2 ; •,•,-) are similar. 

C(*, *) is a constant depending on *, *. 


Lemma 4.1 [LV, O, S2] Let Ric(M) > n — 1, T C X p = S n 1 be any measurable subset, 
and 0<r<R<ir,0<s<S<ir,r<s,R<S, then 
(i) (Bishop absolute volume comparison) 

R n Bp(r) < K n B\ (r) = 7d n_ 1 (r) • £ sin ”- 1 1 dt, 

r R 

U n A T p (r, R] < H n A\[r , R] = U n - l (T) • / sin ”" 1 1 dt ; 


(ii) (Bishop-Gromov relative volume comparison) 

R n Bp(r) ^ R n B\ (r) U n A v p [r,R] ^ R n A\[r,R] 

U n Bl(R) ~ T-L n B\ (R) ’ n n AF[s,S\ ~ H n A\[s,S}' 

Lemma 4.2 [C, p.185 (2.5, 2.6)] 

(i) Suppose that Vol(M) > u n — 5, by Bishop absolute volume comparison, for all p £ M, 
there exists a q £ M with d(p, q) > ir — e (with liiri^o e(d, n) = 0); 

(ii) By Bishop-Gromov relative volume comparison, if p,q £ M with d(p,q) > tt — 6, then 
\/x £ M, d(p , x) + d(x, q) — d(p, q) < e (with lim^o e(<5, n) = 0). 

Lemma 4.3 (i) diam(V pg -) < <h(d, 9 ; n) where lirn^ ^ 0+ 3>(0, 0; n) = 0; 

(ii) R n ~ 1 T p $ < 4>(d; 0, n) where lim < 5 ^. 0 + <h(d; 9, n) = 0 . 

Proof, (i) For any x £ V pQ there exists a geodesic py such that x € py, \py\ = c(f \f>) > ir—9, 
\px\ > (1 — d)c(f|'p) > (1 — 9 )(tt — 9), and |xy| < 9c{f\ p ) < 9 tt . 
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For any x\ € ^pee W1 ^h Xl ^ x i by Lemma 4.2 (ii), \px\\ + \x\y\ < \py\ + e(9,n), 
\xiy\ < \py\ - \pxi\ + e(d, n) < n - (1 - 9)(n - 9) + e(9, n ). 

Thus, \xxi\ < \xy\ + \x\y\ < 9 + 9(2n — 9) + e(9, n ) =: 3>(0, 0; n). 

(ii) By Lemma 4.1 (i), 

oj n — 8 < Vol(M) = Vol(Bp p ’ S (it - 9)) + Vol(Rp p ' S (tt)) 

< 'H n ~ l T p d ■ f*~ e sin "- 1 t dt + . • f* sin"" 1 t dt 

< e sin "" 1 t dt + (w n _i - W"- 1 ^) • f” sin"" 1 t dt 

= u n -n n - 1 r p§ -f:_ §S m n - 1 tdt, 

thuB.W-'r^S „ =:*(*»,n). 

J 7T — 0 

Lemma 4.4 / M <ix • ■ /^[#ess CTf{s) /(o^(s)) + cos/(a ? (s))] 2 ds < $(«5; 9; n). 

Proof. Noting that Ric(M) > n — 1 and / is regular almost everywhere on M , by Lemmas 
3.4, 4.1 (i) and 4.3(h), 

Jw p , e ik x ( Hess xf(0) 2 dZ - (^A x /) 2 ]dx 

< /r p , vW ur^ w dv • / 0 c(l ’ Hl_0) [/ STu(t) (^es S ^ w /(O) 2 ^ - (iA >w /) 2 ]dt 

< [$(<5; <p(9),n) ■ T(<9; n) + w n _i • <F(0; n)] 

= : ^{8-9-n). 


Furthermore, by Lemma 4.3(h), and the expressions for A T „(t)/, < v > 7 „(t)/ and the estimate for 
/i(0, Z) in the proof of Lemma 3.4, 

fw p ,glk x ( Hess xf(0 + COS f(x)) 2 dC]dx 

= fw p , e [kx( HeSSx f^ 2d Z- (k A *f) 2 ] dx + Jw p , e [n A xf + COS f( X )? dx 

< <f>(8;9;n) + f rpMg)Ur c ^ m dv ■ f^ v)dl ~ e) [i A lv{t) f + cos f{ lv {t))] 2 dt 

= $(<5; 9 ; n) + (^) 2 /r p>vW ur^ (fl) dv ' [_i_o^ (t) / + cosf] 2 df 

< $(*; n) + (^) 2 [$(<5; y>(0), n) • (0; n) + w n _i • $(0; n)] 

=: $(«5;0;n). 
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Thus, since geodesics do not branch in an Alexandrov space with curvature bounded below, 

Sm dx • fv x , p ,o,r,i d ‘ /r* i Hess a^s)f(^t ( S )) + COS f( a d s ))? ds 

< l fw P:0 lJ:z x ( Hess xf(0 + + cos f{x)) 2 di]dx 

< fw p , e ikJ Hess xf(0 + + cos f( x )) 2d Z] dx 

< =■ ${6\9\n). 


Lemma 4.5 For any x € M and £ € £, x , p ,e,r,lj (/o cr^)(s) is differentiable and (/o u^)'(s) 
is lipschitz for s G [r, lg\. 


Proof. For any s G [r, Z^], by Lemma 2.2 (i), 

V-fco cosh[v / ~fc 0 (/oo- € )(s)] _ . < (f \"( \ <- V-fcp cosh[v / -fco(c(frp g(s) )-(/og g )(g))] . 

sinhlx/—fco(/o(Tj)(s)] - U sinh[V=^(c(Hp« W )-(/o^)(*))] ’ 

and by the definitions of £ XjP) 0 jrj i and 

(/° cr € )(s) > <9, c(tTp e(s) ) - (foa^)(s) > 9 • c(fTp 5(s) ) > 9 ■ (f o a^)(s) >6-6 = 9 2 , 


then, 


fn i \ V~ko cosh( \/—&0 7T) ^ ~ „ cosh(\/^7r) 

Cl(0, ko) := - _ ; _ w T^=7Z - 1 <(/offf) (s) < -- + 1 = : C2(0, Aft). 


sinh(\/— ko9) 


smh(y/—ko9 2 ) 


By [PP, 1.3 (1)], (/ o a^)(s) — ^c 2 s 2 is concave. Besides, from the proof of Lemma 2.2 (i), 
(/ o a^)'(s) exists. Then, for any r < si < S 2 < lg, 

(/°u ? ) / (s 2 ) - (/ocr^)'(si) < c 2 (s 2 - si), 

similarly, (/ocr^)'(s 2 ) — (fo a^)'(si) > ci(s 2 —si). Thus, (foa^)'(s) is lipschitz for s G [V,Z^]. 


Lemma 4.6 (see also [C, Lemma 1.4, 1.15]) (Toponogov triangle comparison) Let 
§ < lo < tt, then for any 0 < l < Iq, 

(*) [ dx- [ df ■ [ ^[(f oa{:)(s) - hf(£,s)] 2 ds < ®(5-,6-,l 0 ,n), 

(H) [ dx- [ df ■ [ ^[(f o a^)'(s) --~^(f,s)] 2 ds <^{5-,6-,l 0 ,n). 

JM Jx x , P ,e,r,l Jr OS 


Proof. The proof is a modification of the argument in the last two paragraphs of that of [C, 
Lemma 1.4]. 

For any x G M, f G £ x ,p,0,r,l an d s G [r, Z^], set 

M s ) : = (focT£)(s)-hj(f;,s). 
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Easily h(r) = h(l = 0, and by Lemma 4.5, h(s) ■ h'(s) is lipschitz for s € [r, l%\, then 

[ W 1 ') 2 + h ■ h"]ds = (h ■ h')(l^) — (h ■ h')(r) = 0, — f h ■ h"ds = I ( h') 2 ds. 

Jr Jr Jr 

Besides, since h'(s) is lipschitz for s € [r, l%\, the Wirtinger’s inequality holds, 

- I'' h" ■ hds = f\tifds > f k h 2 ds. 

Jr Jr V Jr 

d 2 h~ 

Thus, by Lemma 4.4, using that = ~hj and integrating over £ X)P) 0 jrj / and M gives 

(l jhf Sm dX ■ fs x , p ,0, r ,l ^ ■ f}*Kf° °*)( a ) ~ h f(^ S )? dS 

< - f M dx ■ fx x p e r l di ■ ft [(/ o a*)"(a) + hj(£, a)][(/o a*)(a) - hj(£, s)]ds 

= f M dx - ‘ fr S l(f° ^)( s ) ~ hj(£, s)] 2 ds 

- Im dx ■ is XtPt9t r,i d t ‘ /r 4 [(/■° ^)"( S ) + (/° cr c)( S )] [(/ ° ^)( S ) - h f(Z> s )] ds 

< f M dx ■ fs x , p ,e,r,l ■ /r 5 [(/° ^)( S ) - h f(Z> s )? ds 

+[<f>(6;d;n )]* • [J M dx • f Exp ^ rl d£ • f P ( ((f° o*)(a) - /i/(^,a)) 2 da]^. 


note that — r < l < Iq < ir, one has 
r r rl( _ 


dx 


<$>(8;6-,n) 


IM 


d i • J [(/ ° o*)(a) - fr/(£, «)] < ^^2 I pp =: ^ *o, n). 


(i) is obtained, contained in this set of inequalities is also (ii). 

Corollary 4.7 Let § < Zo < tt, C M, — 1 < a* < 1 (i = 1,2 g := 

YJ^\Oti cos dist Xi , h g := J2iLi a ih CO sdist x ., then for any 0 <1 <h, 


(0 

(**) 


/ dx- 

Im Jn^-Ex^g^i 


d£ ■ [(go cr^(s) - /i s (£, s)] 2 ds < 4>(<5; 0; l 0 ,m, n), 
Jr 

dhn 


[ dx- j d£- f \(g O a^)'(s) - —?-(£,,s)] 2 ds < $(6;6;l 0 ,m,n). 

Jm Jr ™ =1 Y, x , Xi ,e,r,l Jr os 


5 Proof of the theorem 


Notation and convention In this section, let J\f(*) be a non-increasing natural number 
valued function , and 3>o(*;*,ra) be a positive function depending on * and parameters *,n 
with lim*_ 5 . 0 + 4> 0 (*;*,n) = 0, and suppose 


R ( )<^11 *o[un-Vol(My,6,n] 

f> ^ ' — „n —2 r*n ,— 1 


for any p £ M, 9, a —> 0 + . 
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And denote 

ff (y , 12) := {ty€ | z € 11}, for any y G M, and 12 C Af; 

r yi,By 2 (r),s ■= i v e s yi | V and \yiy\ = s for some y G -B y2 (r)}, for any 

2/i, 2/2 G M, 0 < r < |yiy 2 |, and s > 0. 

And a function g : M —» i? is called an elementary function generated by {a^}^ C M if 
g = YiLi a i cos dist Xi for some — 1 < a* < 1 (i = 1, 2, m). 

Lemma 5.1 For any y G M and r G (0, 

M n ~ 1 ft (y,(M\W p f)nA y [r, ^vr]) < 6 ; r, AT, $o,n). 

Proof. First to show that for any 6 > 0, "H” -1 1} (y,V p0 gF\A y [r, |-7r]) < ^>(<5; 6; 9 , r,AT, d>o, n). 

Take a = i t9, denote (3 := /3c ^(a), let {xi G C p y \ 1 < i < (3} be a largest possible set of 
points in C p g that are at least a pairwise distant from each other, then 

C p§ C uf =l 4(2ie), V pA§ C UiA(37T0), 

and let i = 1,2, N y , r (< f3) be such that -B a , i (37T0)nA y [r, |7r] / 0. Below suppose 0 < 9 <C r, 
then for any 1 < * < JVy r , 

r 3 19 

- < r — 67T0 < |yxj| — 3tt9 < \yxi\ + 3ir9 < -7r + 67T0 < —7r, 

denote F, :=-]} (y, B Xi (3irQ)), then 

B Xi (3ir9) C A^Hyxil - 3 tt 9, \yxi\ + 3 tt9] C B Xi (9ir6), 


u n — 6 < VolM = VolB^dyxil — 3i t 0) + VolAf y i \\yxi\ — 3i t 0, \yxt\ + 37T0] 
+VolAfy i [\yx i \ + 3tt6,tt\ + VolB y ^'(n) 

< n^Ti • sin” -1 tdt + VolB Xi (9ir9) 

FU n -'Ti • Jj^i^ sin” -1 tdt + - ^” -1 r 4 ) • ft sin” -1 tdt 

<Un- 'H n ~ 1 T i ■ fly^l^g sin” -1 tdt + w n _i • / o 97r0 sin” -1 tdt 
<u n - 'H n ~ 1 T i • sin” -1 § • 6ir9 + ^{9ir9) n , 
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thus, n^Ti < r ■ r^y- 1 ■ e n ~ l + h ■ 7 ,] 


*" +£■*)> and 


« n_1 It (y, V pA§ n Ay[r, §tt]) < £f =1 ^ n_lr i 


<- r A/~(6) , ^o(<5;g,n) i 1 / 

— 4tt 0)"- 2 ' r (ttS)" -1 J ' 6 sill” -1 5 ' 1 


9 n TT n 1 UJ n -l _ gn-l _|_ J. . 5 


1 . [ A f ( 0 ) . ( 2^=1 . 0 + 1 5 } + ^ § t n) . ( 2^=1 + 


n ' 7r n fl 77 


=: <$>{6;6;§,r,Ar,<f>o,n). 

Next, similarly, if B p (9) n A y [r, \ir\ / 0, 

if n A,[r, !*]) < • (^!U -O”- 1 + i) =: #(«;#; r,n); 

and if - n A^fr, f 7r] / 0, by Lemma 4.3 (i), - C B q (f&(9, 9; n )) for some g € A/, 

W n_1 (i/, n A y [r, |t rj) < ft"" 1 ft (y, 5 y (4>(0, 0; n)) n A y [r, fvr]) 

<< _I_ . ( 3"^»-i . a. „\ j_ 6 _\ — -ft/x. n a. „ 


< 1 # / ■ -> UJ n - 

— 3 sin" -1 | 1 n 


<^(0, 0- n) + ¥ ^) =: <L(5; 0, 0; r, n). 


Finally, take 9 = 9, as M \ Wp^ = B p {9 ) Uh Sfl -U Lemma 5.1 is obtained. 

Lemma 5.2 (see also [C, Lemma 2.3]) For any yi,y -2 £ M, 0 < r <C \y\y 2 \, and, s > 0, 
there exists some s £ (1 2 / 12 / 2 1 — L 1 2 / 12 / 2 1 + f) such that 


'H n - 1 T 


nV n (r ) • VolM 


yi>B y2 (r),s ' 


=: C(r, n). 


where V n (r) := 7i n Bi(r). 


Proof. The proof is a modification of that of [C, Lemma 2.3]. 

Denote 

v 

fi »,B V2 (r) := {v € r yi I |^i /or some y £ B y2 (r)}, 

by Ric(M) > n — 1, exp : T yi —> M is volume non-increasing, and by Lemma 4.1 (ii), 


U n n yM r) > T~i n B y2 {r) > 


V n (r) • VolM 


Va 2 W= L lr yi,By 2 (r),s ■ s n l ds < — • max 7T 'L 




Lemma 5.2 is obtained. 


Lemma 5.3 For any yi,y 2 £ M with 0 < 1 2 / 12 / 2 1 < 0 < r <C min{^, \yiy 2 \}, and 

y £ B yi (ji), l := \yry 2 \ — the following holds: 

W n-lr y) B w (r),inS y> p ) e,y > C 5 . 2 (r,n) - $(5-,9;r,Af, 4> 0 ,n) 
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where Cr,_ 2 {r, n) refer to the C(r,n ) in Lemma 5.2; and for any v G L y B y2 (r),u 

exp.y(^) G B yi (r), exp y (lv) € B y2 (r). 


Proof. For any y G B yi (^), by Lemma 5.2, there exists some s(y) € (|J/iJ/ 2 1 — 12/1 2 / 2 1 + §) 

such that 'H n_ 1 r 2/1;S!/2(r))S{2/) > C(r,n), note that on the one hand, for any z G S y (r), 

p p p 

\yiz\ < \yiy\ + \yz\ <- + - = -< r, 


on the other hand, 

p p p 

s{y) > 1 2/2/2 1 - g > 1 2/12/2 1 - 1 2/1 2/1 “ g - I2/12/2I - g - g = l, 

p p p p p 7T 37T 

s(y) < 12/2/2! + g < I2/12/I + I2/12/2I + g < g + I2/12/2I + g = I2/12/2I + 4 < y + ^ < X’ 

0 < s(y) - l < (I2/12/2I + J) - (I2/12/2I - J) = 

and for any v G 

p p 

1 2/2 exp y ( 2 u)| < I2/2 exp y [a(y)u]| + | exp y [s(y)u] exp„(Zi;)| < - + (s(y) - l) <- + - = — <r, 
thus, by Lemma 5.1, 


K n -i 


r 


y,B V2 ( r),l 


n S VJ>A§,1 


> n 


n— It 


y, B y 2 (%)’ s (y) 


'H n - 1 lt(y,(M\w p , 0 )nA y [%,l7r}) 


> C 5 . 2 (r,n) - $(5]8-,r,Af, $ Q ,n). 

Corollary 5.4 Lemma 5.3 still holds for any C M with £^ 0,14 replaced by 

n? =1 Y, y , XiAi ,i, and 4>(<5; 6 >; r, AA, «f> 0 , n) replaced by 4>(<5; 9; r, AT, 4> 0 , m, n). 

Lemma 5.5 (see also [C, Lemma 2.10]) Given e > 0, Iq G [f, ir) and m an integer, there 
exists fi(lQ,ri) and 5(e,m,lo,J\f,$>o,ko,n) such that the following holds: IfVol(M) > oj n — 5, 
2 / 1 , 2/2 £ M with I 2 / 12 / 2 I < min{ ^ Jo} and fj,gj are at most 2m elementary factions generated 
by {xi}^ C M with \fj{yi) - 9j(yi)\ < ye and \fj(y 2 ) ~ 9j( 2 / 2 )! < ye, then there exists 
yi G B yi (ye), y 2 G B y2 (ye) and a geodesic cr yiy2 between them of length l = \yiy 2 \ so that for 
all s G [0,2], 


\fj{a y i y2 (s)) - fj(yi) cos s- 


fj{ 2/2) ~ fj (2/1) cos l 
sin l 


sms < 


\fj( a yiy 2 ( s )) 9j( a yiy2( s ))\ e - 


Proof. The proof is a modification of that of [C, Lemma 2.10]. 
Set 

1 

y = 


(n + 1)(1 + 2 vr + iI ^) 


e 

n + 1 ’ 


r = ye. 
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Suppose 0 < 6 < buj n , then 


n ( , nV n (r) ■ VolM nV n {r) 

C 5.2 {?■> n) = -—- > “ 2 ^-, 


v n a) 


1 , r , 


lT n UJ n 


n n B yi {-) > • VolM > -V n {-). 


UJr, 


For l := I 2 / 12 / 2 1 “ § < min{^,/o} and any y € B yi (|), denote 


Yy '■ ^i=l^y,Xi,e,^,l ^^y,By 2 (r),l- 

By Corollary 4.7, for any e = f 3 , g 3 , j = 1, 2, m, 

fB yi (r)dy fsyd^-fl[(e°a^y(s) - ^f(f,s)] 2 ds 


< Jm d V ' /n™ s. , r , d ^~ Ir [(e o <r $ )'(s) - ^ (£, s)] 2 d-s < $ 4 . 7 ( 6 ; fo, rn, n ), 


'i=l 2/,a;^, 


denote 


„ r l F)h 

Dy, e ■= {? € | J r [(e o <t ? )'(s) - -^(£, s)] 2 d.s < y 2 e 2 }, 


,T ' 1 "in— If \ n \ ^njn—li 


Y--={y£ B yi {-) | TT-% \ D y , e > 


then by Corollary 5.4, 


^ny < $4.7(6; 0;l O ,m,n) < 


$4.7(6; 0;Z o ,?n,n) 


y 2 e 2 ■ \'H n ~ l 'hy y 2 e 2 • | [C 5.2 (r, ra) - $ 5 . 4 ( 6 ; 0 ; r,jV, $ 0 , m, nj] ’ 

thus, note C 5 . 2 (r, n) > ’^"1^ and 'H n B yi (|) > ^I4(|), as $ 4 . 7 ( 6 ; 0; io > m ) n ) and 
$ 5 . 4 ( 6 ; 9 ; r, jV, $ 0 , n) are sufficiently small, one has 1" := B yi (|) \ Y such that 


W'Y > \n n B y /-), 


and for any y € Y, 

njn —lyi \ n ^ —ly 1 U n ~ If 1 n D ^ i/ n— 1 V 

't- 2-iy \ -*-^y,e ^ 2 ^ ^2/’ ^ ^2/ -*-A/,e — 2 ^ ^2/’ 

After 2m steps of the above argument for all e = fj, gj, j = 1,2, ...,m, one has that 

as $ 4 . 7 ( 5 ; 9] /o, m, n) and $ 5 . 4 ( 6 ; 0; r, A/”, $ 0 , n) are sufficiently small, there exists some F C 
By 1 (|) such that 

>(l) 2 m H n^ i (^)> 0 , 

Z O 

and for any y £7, 

W-'E, n”, d s , a ns,, D„, > (l) 2 m w"- 1 E s > 0, 


in particular, there exists some £ € fl™ 1 D y j i n™! D y:9j for some y £ B yi (^). Let 
yi : = ^(|) € B yi (r 1 ), f / 2 := cr ?(0 € ^(r), then for all e = fj, g 3 , j = 1 , 2 , ...,m, 


J l l(e°o- e )'(s) 


^(£,s)|ds <1* -[J r [(eo cr^)'(s) - ^(£,s)] 2 ds ]2 < 71-2 • ye, 
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and for any s G [|, l], 


eoa^(s) - /t e (£,s)| < 


eocJ c(^)- / ^(^^)l + 7r " ■ ^ e< 


e 

n + 1 ’ 


l/j ° <r{(s) - 9j ° o*(s)| < |/i/.,.(£, s) 


fo 9i (£, s)| + 27T2 • /re < pe + 2 


sin /q 


i 

+ 27T2 • fi€ < e. 


Lemma 5.6 (see also [Per4, Theorem 1]) For any integer n > 2 there exists 5 = S(n) > 0 
with the following property. Let M he an n— dimensional Alexandrov space without boundary 
and with Ric > n — 1. Suppose Vol(M) > oj n — 5. Then M is homeomorphic to S n . 

Proof. By [Per4], for the case of Riemannian manifolds, all the properties relevant to the 
proof are a weakened version of the Abresch-Gromoll inequality and a corollary of (the proof 
of) the Bishop-Gromov volume comparison inequality (see [Per4, p.300] for details), and the 
solution of (generalized) Poincare conjecture [CZ, F, S]. 

For the case of Alexandrov spaces, the Abresch-Gromoll inequality[GM, M, ZZ2] and the 
Bishop-Gromov volume comparison inequality [LV, O, S2] still hold, the remain is to show 
that there exists 6 = 5(n) > 0 such that if Vol(M) > u n — 5 then M is a topological manifold, 
which follows from 

(a) By Lemma 4.1 (i), given any e > 0, there exists 5 = S(e,n) > 0 such that if Vol(M) > 
u n — 6 then Vol(E x ) > iw n -\ — e for any x €E M; 

(b) By [BBI, p.395, 10.9.15.3], given any n € N and e > 0, there exists 5 = S(e,n ) > 0 
such that for any n —dimensional Alexandrov space X of curvature > 1 if Vol(X ) > uj n — 5 
then dcH^X, S n ) < e; 

(c) By [K, Perl], given any n € N, there exists e = e(n) > 0 such that for any 
n—dimensional Alexandrov space X of curvature > 1 if dcH{X, S n ) < e then X is homeo¬ 
morphic to S n ; 

(d) By [Perl, Per2], for any x € M, there exists a neighborhood of x homeomorphic to 
the tangent cone of M at x. 

Proof of the theorem After having Lemma 5.5 and 5.6, the rest of the proof is the same 
as [C, 2.13-2.34], 


6 Appendix 


Proposition Let ko < 0, 0 < l < tt, D C (0, l) he with full measure, w : D R he a real 
valued function, satisfying (i) w(t) is decreasing in t € D, that is, for any t\,t 2 G D such 
that t,\ < t- 2 , 

w(ti) > w(t 2 )-, 


(ii) for any to € D, 


w(t) — w(tn) , , . . 9 

hmsup- - — - - < -1 - (w(t 0 )) 2 ; 

DBt—ttg t t0 


w(t) < 


\J —A^o cosh(\/— hot) 1 

- - - — 

sinh(-\/— kot) t' 


and (in) 


DBt^ 0 + , 
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then for any t G D, 


w(t) < cot t. 


Proof. Since w(t) is decreasing in t G D , one may suppose that w is differentiable almost 
everywhere on D. Denote 


E := {t G D\ lim - W (P) _ w '(t Q ^ exists }, 

1 ' D3t^t 0 t-t 0 

then £chc(0,l) is with full measure since D C (0, l) is, in particular, E is dense in (0, l). 

Fixing t G D and taking D 3 to —>• 0 + such that w is differentiable at to, now to show 
that given any e > 0, 


0=0 


arctan w(t) — arctanic(to) < — (t — to) + 2e • (t — to). 


By the differentiability of w at to and conditions (i) and (ii), given any e > 0, there exists 
fo := fo(to, e) such that for any t G (to, to + To) Fl D, 

arctan in(t) - arctan w(t 0 ) < jt ~ e • [w(t) - w(t 0 )] 


< 


T+mT 0 ( )f - e • [K(*o) - e ) • (* - ^)], 


and 


w(t)-w(t 0 ) ^ ri , ,_ u ^ 2 i 


t ~ to 


w(t) - w(t 0 ) 
1 + (w(t 0 )) 2 


<hl + 


< —[1 + (w(to)) ] + e, 


] • (t — to) < (~l + e) ' (t — to). 


1 + (w'(io)) 2 


thus, 


arctan w(t) — arctan w(to) < [(—1 + e) — e • (w'(t 0 ) — e)] • (t — to). 

In short, given any e > 0, there exists To := To (to, e) such that for any t G (to, to + To) n D, 

arctan w(t) — arctan w(to) < — (t — to) + e • (t — t 0 ). 

Next take ti G (to, to + To) (~l D such that w is differentiable at ti, then for the given e > 0, 
there exists T\ := Ti(ti, e) such that for any t G (ti, ti + Ti) fl D, 

arctan w{t) — arctan w{t\) < — (t — ti) + e • (t — ti), 

and so on, one can take an increasing sequence 0 < to < ti < t 2 < ... < t n < ... < l, such that 
for the given e > 0, 

arctan w (ti) — arctan w(to) < — (ti — to) + e • (ti — to), 

arctan wft?) — arctan w{t\) < — (t 2 — ti) + e • (t 2 — 1 1 ), 


arctan m(t n ) - arctan re (t n _i) < — (t n — t n _i) + e • (t n - t n _i) 
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summing up, for any n = 1,2,..., 

(13) arctan w(t n ) — arctan < —(t n — to) + e ■ (t n — to). 

Below to show the inequality (□) for three cases. 

(a) In case of t € (t n , t n + r n ) n D for some t n taken above, just replace t n+ \ by t, the 
inequality (□) is obtained by the above estimate (13). 

(b) In case of lim, woo t n = t, by the estimate (13) and condition (i), for any n = 1,2,..., 

arctan w(t) — arctan w(to) < arctan w(t n ) — arctan w(to) < —(t n — t 0 ) + e • (t n — to), 

letting n —>• oo, the inequality (□) is obtained. 

(c) In case of linx )WOO t, n =: too < i, choose some t n such that t ^ — t n is sufficiently small, 
and take sufficiently small > 0 and f* G (too-, too + r oo) such that w is differentiable at t*, 
by condition (i), 


arctan w(t*) — arctan w(t n ) < 0 = — (f* — t n ) + (t* — t n ). 

Redefine t n+ i '■= t*, and denote e := £* — t n , then 

arctan w(t n+ i) — arctan w(t n ) < ~(t n+ \ — t n ) + e, 

and since both too — t n and > 0 are sufficiently small, one can suppose that l\ is arbitrarily 
small. Starting again from t n + 1 := t*, as above, for the given e > 0, there exists r n+ 1 : = 
T n+ i(t n +i,e) and t n+2 € (t n+l ,t n+1 + r n+ i) n D such that 

arctan w(t n+2 ) - arctan w(t n+l ) < ~(t n+2 - t n+1 ) + e • (t n+2 - t n+l ), 

and so on. Finally, since t n — t n _\ > 0 for any n > 1, after at most countable steps, one 
obtains an increasing sequence t) < to < t\ < t 2 < ... < t n < ... < l such that 

lim t n = t, 

n—>• oo 

and for the given e > 0 and any n > 1, 

arctan w(t n ) - arctan w(t n -i) < -(t n - t n _i) + e ■ (t n - t n _i) + e n , 

where e n = (| ) n e ■ (t — to). Summing up, for any n = 1,2,..., 

arctan w(t n ) — arctan w(to) < —(t n — to) + e • (t n — to) + e • (f — to)> 

letting n —>• oo, the inequality (□) is obtained. 

Thus, the inequality (□) is obtained for all cases. 

By the arbitrariness of e, one has that for any t € D and to € E with to —> 0 + , 

arctan w(t) — arctan w(to) < — (t — to), 

And by condition (iii), the proof is completed. 
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